ABSTRACT. In this paper a macro-block model accounting for frictional resistances is presented to assess the lateral strength of a multi-storey masonry block wall. The kinematic approach of limit analysis is used to define the load factor causing the onset of rocking-sliding mechanism under in-plane horizontal loading. A dry frictional contact condition is assumed at the rigid block interfaces, according to the Coulomb's law with non-associated flow rule. The key aspect of the proposed approach is the introduction of a criterion to evaluate the contribution of the actual frictional resistances depending on the inclination angle of the crack line. An accurate assessment of the frictional resistances is also obtained by distinguishing two different contributions (the wall own weight and additional vertical loads) and their application points. Hence, a sensitivity analysis is performed with respect to the overloading condition, the friction coefficient, and geometrical parameters such as the shape ratios of the wall and of the unit block and the number of rows. The analytical results of the proposed model are also validated against results from other existing macro and micro-block modelling approaches in terms of load factor. The comparison confirms the reliability of the proposed model that allows, with similar results, great simplification of the computational effort with respect to micro-block models.
INTRODUCTION
he seismic damages suffered by unreinforced masonry block structures are often due to partial collapses with loss of equilibrium of walls or portions of them, while material failure rarely occurs. Experimental tests carried out since '80s of the last century on brickwork samples [1] [2] [3] have proved that the mechanical performance of such a T material is characterized by a very high anisotropy, so that the direction of bedding surfaces and element shapes plays a central role in defining the type of failure. Such experiments, further developed by other authors as Ceradini [4] , have stressed that in-plane failure in most of cases occurs by applying horizontal loads exceeding the friction coefficient, such to produce cracks along the joints without crashing of elements, while failure due to the overcoming of material strength (,) occurs for much higher applied loads. Actually, the absence of tensile strength and the presence of weak mortar joints generally cause the development of cracks which transforms a masonry block structure into a system of rigid blocks which can exhibit sliding or rocking mechanisms as well as a combination of them. The geometry of these mechanisms can be quite easily identified in post seismic scenarios, since the crack pattern has been revealed, but when the attention is focused on the prevision of the expected behaviour of the structures the most likely collapse mechanisms have to be identified. To this aim, several combinations of material and structural models are possible, e.g. FEM macro and micro-modelling [5] , discrete element methods [6, 7] , computational limit analysis procedure for rigid block assemblages [8, 9] or homogenization models [10] . A drawback for the use of these sophisticated models in the practical assessment of structures is the large amount of time needed for the structural model elaboration, for performing the non-linear analyses themselves and for reaching proper understanding of the results significance. Conversely, the macro-block modelling in the framework of limit analysis with kinematic approach represents a more powerful tool because it allows an easy computation of the collapse load factor and the failure mode by means of minimization routines. The pioneering works of Kooharian [11] and Heyman [12] , based on infinite frictional resistances, have largely been used to apply the plasticity theory to masonry block structures. According to this standard limit analysis, the application of the static theorem provides a lower-bound or safe solution of the collapse load factor, based on equilibrium equations, while the application of the kinematic theorem leads to an upper bound multiplier. The solution that satisfies the hypotheses of both theorems, equilibrium, compatibility and material conditions is the correct solution and provides the collapse load multiplier for the specific problem. However, the uniqueness of the solution is no longer guaranteed when non associated flow rules are involved, such as in case of Coulomb's friction at block interfaces [13, 14] . This means that a range of statically and kinematically admissible solutions can be identified and a safe solution can be represented by the minimum load multiplier computed by means of the kinematic approach [8] . Crucial aspects are also the definition of the yield domains of dry or weak mortar joints able to dissipate seismic energy [15] [16] [17] or, as an alternative, the composition of units to enforce the capability of dissipating energy during motions of walls [18] . The macro-block modelling approach has been lately developed to investigate the local in-plane and out-of-plane failure modes in masonry buildings [19] [20] [21] [22] . According to it, each block represents a portion of masonry which remains undamaged and is separated from others by a number of localized cracking where the frictional resistances can take place. When attention is paid to structural elements having a specific role in the overall building behaviour, special macroelements can simulate them to reduce computational and modelling efforts, e.g. architectonic elements in which the seismic behaviour is almost independent from the rest of the structure of masonry churches [23, 24] or masonry vaults typified by sets of equivalent trusses [25] . This modelling strategy could also be useful to further develop recent innovative research in the field of rocking rigid block dynamics [26, 27] . When applied to in-plane failure modes of masonry block structures with dry or weak mortar joints, generally characterized by a combined rocking-sliding mechanism, crucial to this approach is the assessment of the frictional resistances along the crack. In fact, it is not easy to identify the number of active sliding interfaces along the crack and the actual frictional resistance associated to the crack line could also be far from its maximum value. This issue has already been addressed with reference to a single-storey masonry block wall [22] and in this paper it is extended to a multi-storey wall. A proper evaluation of the in-plane frictional resistances, on the other hand, represents a relevant contribution also to the analysis of the out-of plane mechanisms; in fact these resistances can play an important role when the mechanism involves the façade wall with portions of side walls of a masonry building (complex rocking). Thus, in the following sections, considering the masonry block wall as a single leaf wall arranged in a running bond pattern, the in-plane frictional resistances are firstly evaluated, also accounting for additional loads due to horizontal structures and live loads. The originality of this part can be recognized in the criterion to evaluate the contribution of the actual frictional resistances depending on the inclination angle of the crack line and the number of storeys, in addition to other geometrical and mechanical parameters. Then, the "exact" ultimate load factor in case of rocking-sliding failure mode is computed by means of minimization routines, by taking into account variable positions of the conventional crack line. Lastly, the validity and accuracy of the novel solution procedure are investigated through a sensitivity analysis and the comparison with results and benchmark examples existing in the literature.
IN-PLANE FRICTIONAL RESISTANCES OF A MULTI-STOREY MASONRY WALL
he analysis of the rocking-sliding failure mode of a multi-storey wall is an extension of that referred to a singlestorey wall, based on a simple geometric and mechanical model. It is assumed, in fact, that the single-storey wall is made up of a single leaf of regular squared and rigid blocks, with geometric dimensions l × h × b (Fig. 1a) , placed with their longer side parallel to the wall length and overlapped with constant staggering length v, equal to half the block length (Fig. 1b) . The blocks interact through their bed joints according to the Coulomb's model of dry frictional contact [13] ; no tensile strength, instead, is assumed against vertical loads which tend to detach overlapping layers. In this section the criterion developed and validated in previous works [21, 22] is applied to a multi-storey masonry wall to define the in-plane frictional resistances involved in the combined rocking-sliding mechanism. The adoption of macromodelling approach implies that the damage pattern is schematized by a single crack where the relative motions between the macro-blocks and frictional resistances develop. The difficulty of identifying the number of active sliding interfaces along the crack in a combined mechanism has been overcome by introducing a reduction criterion of the maximum value of the resultant frictional resistance based on the inclination of the crack. In fact, as highlighted in [22] , this inclination tends to become vertical when pure sliding occurs and the resultant frictional resistance assume the maximum value; on the other hand, instead, the inclination tends to the staggering ratio when pure rocking occurs with no frictional resistances. Among these two limit cases, a reliable evaluation of the resultant frictional resistance related to a combined mechanism can be found, as described in the following. According to the proposed approach, the maximum value of the resultant frictional resistance is firstly calculated assuming a pure sliding mechanism. Hence, with reference to the generic multi-storey wall in Fig. 2 with dimensions L × H and N storeys of heights Hi (storey 1 is at the top wall), the following parameter is defined:
which represents the shape ratio of the portion of the wall between the hinge position and the top storey i. It is worth noting that it is also tanp1 = tanp = L/H. The parameter Hci, instead, represents the height of the portion of the wall related to the storey i, which is crossed by the crack line. In fact, depending on the position of the crack line, inclined of the angle c, Hci can assume the following expressions:
T where ni is the number of rows related to the storey i (ni = Hi/h, being h the height of the unit block). The parameter Hci can also be expressed as a function of the number n ci of rows crossed by the crack line at the storey i, i.e:
It is worth noting that the cases in Eq. (2) cover all the possible configurations of the analyzed mechanism, and the geometric parameter H ci , or the related n ci , easily allows extending the relations defining the model of the single-storey wall to the multi-storey wall, as will be better shown later. The use of the relations defined for the single-storey wall in a previous work [22] , instead, would have required a large number of conditions on the same relations, sharply increasing with the number of the stories. The resultant of the frictional resistances is obtained as sum of two components in order to take into account the effect of their different points of application on the stabilizing moment. In particular, with reference to the storey i (Fig. 3) , the component F gi is due to the self-weight of the moving portion of the wall crossed by the crack and corresponds to a linear distribution along the height H ci ; the component F qi , instead, is due to the overloading and to the self-weight of the portion of the wall with height H -L/tan c and corresponds to a uniform distribution along the height H ci . These components are here expressed by adopting the discrete formulation based on the number n ci of rows crossed by the crack line at the storey i. Thus, the frictional force S k at contact interface k is given by the weight W bi of the upper column of half-blocks, limited to the height of the crack line H ci , multiplied by the friction coefficient f:
where W bi = vhb i , b i is the thickness of the unit block related to the level i (it could also be different from those at different levels) and  is the specific weight of masonry. The two components F gi and F qi respectively are: It is easy to verify [22] that F gi is applied at 2/3 from the top of the height H ci since S k linearly increases from the top to the bottom, while Fqi is applied at the half of the same height Hci. Hence, if a full activation of the frictional resistances occurs along the all the bed joints crossed by the crack line (pure sliding mechanism), their resultant assumes a maximum value given by:
If a combined rocking-sliding mechanism takes place, instead, this force is expected to be lower than the value provided by Eq. (7); in this case, in fact, the rocking motion causes the uplift of a number of blocks and the reduction of the contact interfaces. In order to overcome the difficulty of identifying the real contact conditions, a criterion to assess the actual frictional resistances has been proposed and validated by Casapulla et al. [21] . This criterion, as previously introduced, is based on the inclination of the crack line and provides a reliable estimation of the frictional resistances F W related to a combined mechanism. It is assumed in fact:
where
) depends on the dimensions of the unit block (Fig. 1b) . Hence, when the crack line is vertical (c = 0), all the contact interfaces along the crack are involved in sliding, so that the frictional resistances can be considered as activated on all courses crossed by the crack and their resultant attains its maximum value; in fact, it is FW = F, with F given by Eq. (7). When c = b, instead, a pure rocking mechanism takes place with loss of contact over all the involved joints; as a consequence, the resultant frictional resistance can be considered null (F W = 0). When 0 < c < b, a combined rocking-sliding mechanism is expected with a resultant frictional resistance lower than its maximum value (0 < F W < F). It is worth noting that the case  c >  b it is excluded because unrealistic for dry joint masonry walls. Finally, in order to better understand the proposed model, in Tab. 1 the parameter H ci and the components F gi and F qi defined in a compact form by Eqs. (3), (5) and (6), respectively, are explicated with reference to a number of storey i = 3 and p2 < c < p3 (Figs. 2 and 3) . It is worth noting that H c1 , F g1 and F q1 are all null because the crack line does not cross the wall at the storey 1. Moreover, being p2 < c < p3, Eqs. (2b) and (2c) are used to define Hc2 and Hc3, respectively. 
IN-PLANE FAILURE MODE OF MASONRY MULTI-STOREY WALLS AND COLLAPSE LOAD FACTORS
he analysis of the rocking-sliding failure mode of a multi-storey wall is an extension of that referred to a singlestorey wall, based on a simple geometric and mechanical model. The kinematic approach of the limit analysis is adopted to identify the geometry of the rocking-sliding mechanism (i.e. the inclination tan c of the crack line) which minimizes the load factor causing the onset of the mechanism. With reference to a generic multi-storey wall, Fig. 4 represents the macro-block identified by the crack line with inclination  c ≤  b and the actions (internal and external) involved in the mechanism at each level i. These actions are applied to the centre of gravity of each of the parts in which the moving macro-block has been geometrically divided; in particular, this partition takes into account the overlapping length v of the unit blocks as the width of the part A, marked in grey in Fig. 4 and, as a consequence, the angle αc * is used instead of αc (Figs. 3 and 4) . The relation between the parameters tanc and tan c * is:
T The external loadings together with internal frictional resistances and the coordinates of the relative application points are reported in Tab. 2. Figure 4 : Representation of the external and internal actions involved in the rocking-sliding mechanism of a multi-storey masonry wall.
Thereafter, by applying the Principle of Virtual Work to the system of virtual displacements derived by the rotation around the hinge O of the macro-block identified by the crack line, the following expression of the load factor is obtained (Fig. 4) :
This load factor, accounting for Eq. (9) is a function of the parameter tanc which defines the geometry of the mechanism; thus it can be minimized with respect to this parameter, with the following constraint:
It is worth noting that the minimization process has to take into account the circumstance that the position of the hinge can be located at the edge of each level of the multi-storey wall causing the onset of different mechanisms; thus the load factors related to all possible positions the of the hinge have to be compared in order to choose the minimum value External actions Horizontal lever arm (xj) Vertical lever arm (yj)
Horizontal lever arm (xj) Vertical lever arm (yj) . Moreover, from the condition of translational equilibrium it is possible to define the load factor s related to the mechanism of pure sliding; it is:
As already discussed in [22] it is always  s ≥ f, resulting in particular  s = f when tan c = tan b . This implies that the pure sliding failure rarely occurs, although the following parameters can increase the vulnerability to this kind of mechanism: the slenderness of the unit blocks together with the absence of overloading, a low number of rows or a low value of the friction coefficient [19, 28] . In these cases the entire wall is involved in the mechanism and the load factor tends to its maximum value coincident with the friction coefficient. This means that the friction coefficient represents an upper bound of the load factor and the condition  s = f marks the transition from the mixed rocking-sliding to pure sliding mechanism. Lastly, Tab. 3 reports the expressions of the external actions for a three-storey masonry wall, when α p2 < c <  p3 . It can be derived from Fig. 4 that the forces WC1 and WD1 at storey 1 and WB3 and WC3 at storey 3 are null. Finally, being  c greater both than  p1 and  p2 , Q 1 and Q 2 assume the maximum value depending on the length L of the wall; Q 3 , instead, depends on the inclination of the crack line c, being c ≤ p3. tan c n h q  Table 3 : Expressions of the external actions for three-storey masonry wall, when p2 < c < p3.
SENSITIVITY ANALYSIS AND VALIDATION OF THE PROPOSED MODEL

Sensitivity analysis
numerical analysis is here reported in order to test the sensitivity of the results obtained from the proposed model with respect to the main geometrical parameters, the overloading and the friction coefficient. The dimensionless definition of such parameters is reported in Tab. The sensitivity analysis has been performed by varying only one parameter at a time, while keeping the others as reference values. For each parameter, three values are considered as representative of most recurrent cases. The analyzed model is a three-storey wall, with constant inter-storey height and equal overloading condition at each level. In Tab. 5 the results in terms of load factor  and inclination angle c of the crack line are reported, highlighting the percentage variation of  for each set with respect to that corresponding to the reference value of the same parameter. This table also reports the c/b ratio for each set which is useful to indicate the prevalence of a mechanism over the other; in fact, according to Eq. (8), when  c / b → 1 F W → 0 and only rocking occurs, while when  c / b → 0 F W → F and only sliding may take place. Overall, a relevant trend of the position of the rotational hinge emerges from the analysis. In fact, for all the accounted combinations of parameters, except for Set 4 only, the hinge is always located at the base vertex of the entire wall, defining a mechanism that always involves three levels. This also means that the load factor corresponding to such a position is always lower than those obtained if the hinge is located at the upper levels. Set 4 is the only case with the hinge at the base of the top level. Then, looking at the results related to Set 1 and 2 in Tab. 5, it arises that increasing friction coefficient implies the increment of the load factor and also of the inclination angle of the crack line with a bigger portion of the wall involved into the mechanism. The results related to the parameters p (Sets 3 and 4) and o (Sets 5 and 6), show that the variation of the overloading ratio and the number of rows are substantially irrelevant both on the load factor and the angle  c . However, as previously mentioned, the only effect observed for Set 4, corresponding to overloading ratio p = 8, is the shift of the position of the A hinge from the base of the three-storey wall to the base of the top wall, even if the load multipliers corresponding to the three possible positions are very close to each other ( = 0.576, 0.578 and 0.582 from the top to the bottom, respectively). A significant influence on the load factor, instead, is due to the wall shape ratio t. In fact, increasing value of t implies increasing slenderness of the wall and decreasing load factors . In particular, assuming as a reference the load factor related to a square wall (t = 1),  decreases by about 30% when t = 2 (Set 7) and by about 50% when t = 3 (Set 8). Moreover, it is worth noting that if the slenderness of the wall increases, the geometry of the mechanism changes significantly with respect to the case of square wall, because it results c > p, being in particular p2 < c < p3 and  c >  p3 for Sets 7 and 8, respectively. This circumstance can justify the drastic variation of the load factor when going from t =1 to t =2, while from t =2 to t =3 the decrement of the load factor is lower. Finally, Sets 9 and 10 reveal that also the variation of the unit shape ratio m has a relevant effect both on the load factor and the angle c. In particular, with respect to the reference value related to m = 1/3, the load factor decreases by about 23% for m = 1/2 and by about 57% for m = 1. The same trend is also reported for the inclination angle of the crack line, that decreases with increasing values of m; in particular when m = 1, it is c = b = tan -1 (1/2m) pointing out that in this case the frictional resistances are null and the mechanism involves only pure rocking. On the other hand, the increment of m implies the reduction of the overlapping length v of the unit blocks and as a consequence the reduction of the frictional resistances.
Validation of the proposed model
In this section the results provided by the proposed approach to the analysis of the in-plane rocking-sliding mechanism of a multi-storey masonry wall are compared and validated throughout the comparison with other models available in the literature, such as the micro-block model developed by Orduña [20] and the macro-block models proposed by Buhan and De Felice [29] , Orduña [20] and Speranza [28] . The micro-block model, in particular, is here assumed as a reference to evaluate the macro-block models.
The non-dimensional parameters accounted in the present analysis are those reported in Tab. 4, except for the friction coefficient which is not included in the analysis and is kept as f = 0.75 for all the sets. The different sets of values assumed for these parameters are reported in Tab. 6 where the geometric ones have been chosen accounting for the condition c ≤ min(b, p). Tab. 7 reports the comparison in terms of load factor between the proposed macro-block model and the micro-block model of Orduña [20] , highlighting the percentage difference; in Tab. 8, instead, there are the load factors provided by the other macro-block models and the percentage difference with respect to the micro-block model of Orduña [20] . In both cases, the comparison is possible only with reference to a single-storey wall , accounted by all the models considered. Multi-storey walls are, in fact, accounted only by the model developed by Speranza [28] and the comparison with the proposed model is reported in Tab. 9 with reference to a five-storey wall, having constant inter-storey height.
Looking at the results related to Sets 11 and 12 in Tabs. 7 and 8, it is possible to derive that when t ≤ 1, i.e. for stocky walls, the load factor is mostly not influenced by this parameter. Besides, the load factors obtained from the proposed model (Tab. 7) and the Speranza's model [28] All the models, however, highlight the same trend, i.e. the load factor decreases as the unit shape ratio m increases. This trend can be explained with the reduction of the frictional resistances due to reduction of the overlapping length of the unit blocks. Thus, summarizing the mentioned results related to a single-storey wall, it arises that the proposed model together with the model of Speranza [28] are more reliable with respect to the other accounted macro-block models, since they provide limited percentage differences with respect to the micro-block model of Orduña [20] , assumed as a reference. These results are also better displayed in Fig. 5 . As previously anticipated, with reference to multi-storey walls the proposed model is comparable only with that developed by Speranza [28] , since the other macro-block models do not account for this case. Thus, the results related to Sets 15, 16, 17 are reported in Tab. 9. It emerges that while the load factor of the proposed model is not influenced by the parameter p accounting for the overloading, that provided by Speranza [28] decreases with increasing p. This trend of the latter model is mainly due to the absence of the contribution F q of the frictional resistance which therefore cannot counteract the overturning moment of the increasing overloading, as is possible with the proposed model.
CONCLUSIONS
n this work, the mixed rocking-sliding mechanism of multi-storey walls due to in-plane horizontal actions has been analyzed; to this aim, a macro-block model has been adopted, schematizing the geometry of the mechanism through a single crack line where the frictional resistances and the relative displacements between the macro-blocks are concentrated. Hence, the kinematic approach of limit analysis has been used to evaluate the inclination of the crack line and the position of the rotational hinge along the height of the wall, assuming that it is always located in correspondence of the floor levels. With such a purpose, a routine of minimization of the load factor related to each possible position has been implemented, comparing the results in order to choose the minimum value. The innovative aspect of the study is mainly related to the modelling of the resultant frictional resistance involved in a mixed mechanism with rocking and sliding; in fact, a criterion, based on the inclination angle of the crack line, is adopted, under the assumption of Coulomb I dry frictional contact with non-associated flow rule. This criterion, experimentally and numerically validated in previous works is now generalized to the analysis of a multi-storey masonry wall. A numerical analysis has been performed in order to test the sensitivity of the proposed model to the main geometrical parameters, as the shape ratios related to the wall and unit block and the number of rows; the overloading condition and the friction coefficient have been also taken into account. The analysis has highlighted that the overloading ratio and the number of rows are substantially irrelevant both on the load factor and the inclination angle c of the crack line; the unit shape ratio m, instead, influences both these parameters that result decreasing with increasing values of m. Moreover, the wall shape ratio t, has a key role in the rocking-sliding mechanism of a slender multi-storey wall (t > 1) while it is quite irrelevant for squat walls (t <1). In the first case, in fact, increasing values of t imply increasing slenderness of the wall and decreasing load factors . This parameter, instead, results increasing with increasing values of the friction coefficient, as expected. Lastly, the proposed model has been validated through the comparison against a micro-block and other macro-block models existing in the literature. The comparison has been performed in terms of both the load factor and the failure mode and with reference to key parameters as wall shape ratio, unit shape ratio, number of rows and overloading condition. It emerged that the proposed model provides results very close to the micro-block model, assumed as a reference, and can approach the "exact" solutions much better than the other compared macro-block models. These results can be very promising because can be obtained with lower computational effort than the micro-block modelling approaches, suggesting the possibility of using the proposed model also for extensive evaluations of the vulnerability of the ancient urban centres.
